We explain how the invariant subspace method can be extended to a scalar and coupled system of time-space fractional partial differential equations. The effectiveness and applicability of the method have been illustrated through time-space (i) fractional diffusion-convection equation, (ii) fractional reaction-diffusion equation, (iii) fractional diffusion equation with source term, (iv) two-coupled system of fractional diffusion equation, (v) two-coupled system of fractional stationary transonic plane-parallel gas flow equation and (vi) three-coupled system of fractional Hirota-Satsuma KdV equation. Also, we explicitly presented how to derive more than one exact solution of the equations as mentioned above using the invariant subspace method.
Introduction
The subject of fractional calculus is one of the most rapidly developing areas of mathematical analysis. The study of fractional differential equations (FDEs) has considerable popularity and importance during the past few decades, mainly due to their widespread applications in various fields of science and engineering such as fluid flow, viscoelasticity, aerodynamics, electromagnetic theory, rheology, signal processing, electrical networks and so on [1] [2] [3] [4] [5] [6] [7] . In the last few decades, several analytical and numerical techniques have been developed to construct exact and numerical solutions of nonlinear differential equations. However, the derivation of the exact solution of FDEs is not an easy task, because some properties of fractional derivatives are harder than the classical derivative.
For this reason, in recent years, both mathematicians and physicists have been paid much attention to study the exact and numerical solutions of nonlinear fractional partial differential equations (FPDEs) using various ad hoc methods, such as Lie group analysis method [8] [9] [10] [11] [12] 43] , Adomian decomposition method [13] [14] [15] , homotopy decomposition method [16] , differential transform method [17] , function-expansion method [18] [19] [20] and so on. However, recent investigations have shown that a new analytic method based on the invariant subspace approach provides an effective tool to derive the exact solution of scalar and coupled system of time-space FPDEs. This method was originally developed by Galaktionov and Svirshchevskii [21] (see also [22] [23] [24] [25] [26] [27] [28] [29] 41] ) for PDEs and was further extended by Gazizov and Kasatkin [30] (see also [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] 42] Here we would like to point out that only a limited number of applications for the coupled system of time-space FPDEs have been investigated through the invariant subspace method. We also explain the applicability and effectiveness of the method have been illustrated through time-space fractional (i) two-coupled system of diffusion equation, (ii) two-coupled system of stationary transonic plane-parallel gas flow equation [21, 43] and (iii) three-coupled system of Hirota-Satsuma KdV equation [10] and derived their exact solution.
The layout of this paper is as follows: In section 2, some basic concepts of fractional calculus and a brief details of the invariant subspace method for scalar and m-component coupled system of nonlinear time-space FPDEs in the sense of Riemann-Liouville/Caputo fractional derivative are presented. In section 3, the effectiveness of the method is illustrated by solving the above-mentioned scalar and coupled system of time-space FPDEs.
Finally, a summary of our results is given in section 4.
Preliminaries
In this section, we would like to present some basic definitions and results related to the fractional calculus. Also, we present brief details of the invariant subspace method for scalar and coupled system of time-space FPDEs.
Definition 2.1 ([1, 2]). The Riemann-Liouville (R-L) fractional derivative of order
. The R-L fractional derivative of g(t) = t µ is as follows
The Caputo fractional derivative of order α > 0 of the function
The Caputo fractional derivative of g(t) = t µ is as follows
Note 3 ( [1, 2] ). The Laplace transformation of Caputo fractional derivative of order
Caputo fractional derivative of the Mittag-Leffler functions:
where α, β, γ > 0 and k ∈ R.
where ϕ(t) ⋆ φ(t) is called a convolution of ϕ(t) and φ(t).
Invariant subspace method for scalar and coupled FPDEs

Scalar time-space FPDE
We consider the following generalized scalar time-space FPDE 
where the functions ϕ 1 (x), . . . , ϕ n (x) are linearly independent. The linear space W n is said to be invariant with respect to the fractional differential operatorĜ [u] 
Theorem 2.5. Let W n be an n-dimensional linear space over R. If W n is invariant under the fractional differential operatorĜ [u] , then the time-space FPDE (3) admits the following exact solution
where the coefficients A j (t), (j = 1, 2, . . . , n) satisfy the following system of FODEs
Proof. Using the linearity of the fractional derivative with equation (4), we obtain
Let W n be an invariant subspace with respect to the fractional differential operatorĜ [u] .
Then there exist n functions Φ 1 , Φ 2 , . . . , Φ n such that
where Φ j 's are expansion coefficients ofĜ[u] ∈ W n corresponding to ϕ j 's. From equations (4) and (7), we haveĜ
Substituting equations (8) and (6) in equation (3), we have
From equation (9) and using their linear independence of {ϕ j (x), j = 1, 2, . . . , n}, we yield the system of FODEs
Two-coupled system of time-space FPDEs
Consider the following two-coupled system of time-space FPDEs 
Estimation of invariant subspace: Following the above similar procedure for scalar time-space FPDEs, we develop the following result for the two-coupled system of timespace FPDEs. First, we define the linear spaces
where the functions ϕ 
, which means thatĜ p : 
where the coefficients A p j (t) satisfy the following system of FODEs
Proof. Using the linearity of the fractional derivative with equation (12), we obtain
Let W p np be an invariant subspace under the fractional differential operatorĜ[u 1 , u 2 ]. Then there exists the functions Φ
where Φ (12) and (15), we havê
Substituting equations (16) and (14) in equation (11), we have
By their linear independence of ϕ
m-coupled system of time-space FPDEs
Consider the following m-coupled system of time-space FPDEs
where the operators G 
Estimation of invariant subspace: Proceeding the above similar procedure, we can develop the following result for an m-coupled system of time-space FPDEs. Here, we define the linear spaces
Proof. Similar to the proof of theorem 2.6.
Let us assume that invariant subspace
is defined as space generated by solutions of the following linear fractional order ODEs
where y 3 Construction of invariant subspaces and exact solutions
Time-space fractional diffusion-convection equation
Consider the following time-space fractional diffusion-convection equation
where the functions p(u) and q(u) represent the phenomenon of diffusion and convection respectively. The above PDE with α = 1 and β = 1 was discussed through invariant subspace method in [29, 38] . We would like to point out that the operatorĜ[u] admits no invariant subspace for arbitrary functions p(u) and q(u). Hence, we choose p(u) = a n u n + a n−1 u
where a n , a n−1 , . . . , a 0 , b n+1 , . . . , b 1 , b 0 are arbitrary constants.
Then, the equation (22) reduces to
It is easy to find that the differential operatorĜ[u] admits a one-dimensional invariant
Thus, we can write the exact solution in the form
where A 1 (t) is an unknown function to be determined. Substituting (24) in (23), we get
First, we consider α = β = 1. In this case, we have
Next, we consider α, β ∈ (0, 1]. Applying Laplace transformation technique on both sides of equation (25), we get
which can be written as
Applying inverse Laplace transformation to the above equation, we get
Hence, we obtain an exact solution for time-space fractional diffusion-convection equation (23) as follows
Note that, for α = β = 1, equation (27) is exactly same as (26) . The above exact solution
and different values of α and β is shown in Fig. (a).
k( = 0). Then, the equation (22) can be written as follows
It is easy to find that equation (28) admits a two-dimensional invariant subspace W 2 = L 1, E β (−kx β ) . Thus, we can write the exact solution of equation (28) as follows
where the coefficients A 1 (t) and A 2 (t) are satisfy the following system of FODEs
First, we consider α = β = 1. Solving the above system (30), we have
Next, we consider α, β ∈ (0, 1]. Applying Laplace transformation technique to the above system (30), we yield an exact solution of equation (28) as follows
Observe that, for α = β = 1, equation (32) is exactly same as (31). The above exact
and different values of α and β is shown in Fig. (b) .
Then, equation (22) reduces to
which admits the following distinct invariant subspaces
First, we consider the invariant subspace
where A i (t), i = 1, . . . , n, are satisfy the following system of n-FODEs
Applying Laplace transformation technique to the above system (35), we obtain an exact solution of equation (33) with α = β = 1, reads
while α ∈ (0, 1], it takes We observe that for α = β = 1, equation (37) is exactly same as (36).
Proceeding the above similar procedure, we can derive another more general exact solution associated with the more general invariant subspace
n ∈ N. For this case, we obtain the more general exact solution of (33) reads
where c 1 , c 2 , r s , k s , (s = 1, 2, . . . , n), a 0 and b 1 are arbitrary constants. Observe that, for (38) is exactly the same as (37) . Similarly, we can derive different types of exact solutions for time-space fractional diffusion-convection equation (33) using the other above mentioned invariant subspaces. Then, the equation (22) reduces into
It is easy to find that equation (39) admits a two-dimensional invariant subspace
. Hence, we obtain an exact solution of (39) with α = β = 1,
while α ∈ (0, 1], it takes
The above exact solution (41) for k = k 0 = k 1 = b 2 = 1, t = 2, and different values of α and β is shown in Fig. (c) . Note that, for α = β = 1, equation (41) is exactly same as (40) . We would like to point out that when β = 1, the above solution (41) is exactly same as given in [38] .
Then, equation (22) describes only the time-space fractional diffusion equation as follows
which admits invariant subspace W 2 = L 1, x β . In this case, we have The above exact solution (43) for k 0 = k 1 = 1, t = 2, and different values of α and β is shown in Fig. (d) . We would like to mention that when β = 1, the above solution (43) is exactly the same as given in [38] .
Remark 5. We note that if p(u) = 1 and q(u) = − 1 2 u 2 , then the diffusion-convection equation (22) reduces into time-space fractional Burgers equation
which admits a two-dimensional polynomial invariant subspace W 2 = L 1, x β .
Time-space fractional reaction-diffusion equation
Consider the following time-space fractional reaction-diffusion equation
The above PDE with β = 1 was discussed through the generalized differential transform method in [44] . We would like to point out that the differential operatorĜ[u] admits no invariant subspace for arbitrary functions p(u) and q(u). Hence, we choose p(u) = a n u n + a n−1 u
. . , a 1 , b 1 , b 0 , a 0 are non-zero arbitrary constants. Then, the time-space fractional reaction-diffusion equation (45) reduces to
It is directly to check that the above equation (46) admits a one-dimensional invariant
Following the above similar procedure, first, we consider α = β = 1. In this case, we have
where k, k 0 , b 1 and a 0 are arbitrary constants.
Next, we assume α, β ∈ (0, 1]. Thus, we obtain an exact solution of equation (46) as
where k 0 , k, b 1 and a 0 are non-zero arbitrary constants. The above exact solution (48) for k = b 1 = 1, a 0 = −1, k 0 = 2, t = 2 and different values of α and β is shown in Fig. (e). We observe that for α = β = 1, equation (48) is exactly same as (47).
Remark 6. Let a 1 , b 2 , b 1 ∈ R and a n = a n−1
Then, equation (45) reduces into
In this case, we obtain an exact solution
The above exact solution (50) for k 1 = 1, b 1 = −4, k = 2, t = 2, and different values of α and β is shown in Fig. (f ) .
Then, equation (46) reduces into
Now, we consider the invariant subspace W 2 = L 1, x β . In this case, we yield an exact solution of equation (51) as follows
The above exact solution (52) for
and different values of α and β is shown in Fig. (g) .
Remark 8. Let a 0 = c ∈ R, b 1 = −k and a n = a n−1
which admits distinct invariant subspaces, that is, (
where k i ∈ R, i = 1, 2, . . . , n. Now, we consider the more general invariant subspace
, which suggests that equation
(53) possesses the more general exact solution
where k, c, k i (i = 1, 2, . . . , n) and λ s (s=1,2,. . . ,n+3), are arbitrary constants.
Remark 9. Let a 0 = c, c ∈ R, and a n = a n−1
Then, fractional reaction-diffusion equation (46) reduces into the fractional linear subdiffusion equation
which admits the following distinct invariant subspaces:
where k i ∈ R, i = 1, 2, . . . , n. Here, we consider the more general invariant subspace (vi), which possesses the more general exact solution of fractional sub-diffusion equation (55)
where c, k i (i = 1, 2, . . . , n) and λ s (s=1,2,. . . ,n+3), are arbitrary constants. The above exact solution (56) for λ 1 = λ 2 = λ 3 = λ 4 = k 1 = c = n = 1, t = 2, and different values of α and β is shown in Fig. (h) . Observe that for k = 0, equation (54) is exactly same as equation (56).
Time-space fractional diffusion equation with source term
Consider a time-space fractional nonlinear diffusion equation with source term
We would like to point out that the operatorĜ[u] admits no invariant subspace for arbitrary functions p(u) and q(u). Hence, we choose p(u) = a n u n +a n−1 u n−1 +· · ·+a 1 u+a 0 and q(u) = b n+1 u n+1 +b n u n +· · ·+b 1 u, where a n , b n+1 , . . . , a 1 , b 1 , a 0 are arbitrary constants.
Then, the equation (57) describes the time-space diffusion equation with source term
It is easy check that the above equation (58) admits a one-dimensional invariant subspace
Now, we consider α, β ∈ (0, 1]. In this case, we obtain an exact solution of equation (58) reads 
which admits distinct invariant subspaces, that is,
Let us consider the more general invariant subspace (iii), that is,
. Thus, we obtain an exact solution of (61) reads 
Let us consider the more general invariant subspace (iv), that is,
. Thus, we obtain the more general exact solution of (63) reads
where a 
Two-coupled system of time-space fractional diffusion equation
Consider the following two-coupled system of time-space fractional diffusion equation
It is easy to find that coupled system (66) admits the following two-dimensional distinct invariant subspaces:
Case 1.
with µ = −ρ, which suggests that equation (66) admits an exact solution in the form
where A 1 (t), A 2 (t), A 3 (t) and A 4 (t) are unknown functions to be determined. Substituting (67) in (66), we get
To obtain a nonzero solution, we assume that A i (0) = a i = 0, i = 1, 2, 3, 4. Let us first consider α = β = 1. In this case, we have
where a i , k, λ, γ, δ ∈ R (i = 1, 2, 3, 4). Next, we consider α ∈ (0, 1]. Applying Laplace transformation technique to linear system (68), we obtain
In this case, we obtain an exact solution of the time-space fractional coupled diffusion system (66) associated with the invariant subspace
where a i , k, λ, γ, δ ∈ R (i = 1, 2, 3, 4). Observe that if α = β = 1, then equation (70) Following the above similar procedure, we can derive another exact solution associated with the invariant subspace W
In this case, we have
where k i , (1 = 1, 2, 3, 4), γ and δ( = 0) are arbitrary constants.
While α, β ∈ (0, 1], it takes
where k i , γ, δ( = 0) ∈ R (1 = 1, 2, 3, 4). Note that for α = β = 1, equations (72) 3.5 Two-coupled system of time-space fractional nonlinear model of stationary transonic plane-parallel gas flow Solving the above equations (79), we have u 1 (x, t) = 1 3Γ(β + 1)
The above exact solution (80) for k 1 = 2, k 2 = 1, x = 2, and different values of α and β is shown in Fig. (q), Fig. (r) and Fig. (s) . We would like to mention that when β = 1, the above solution (80) is exactly the same as given in [10] .
Note 5. We would like to point out that the property (2) holds only for µ > n − 1. Hence
is not valid in Caputo fractional derivative of order α ∈ (0, 1), but it holds for R-L fractional derivative of order α ∈ (0, 1):
Conclusion
In this article, we have presented how the invariant subspace method can be extended to a scalar and coupled system of time-space FPDEs. Also, we have explicitly presented how the scalar and coupled system of time-space FPDEs admit more than one invariant subspace which in turn helps to derive more than one exact solution. The applicability of the method was illustrated through scalar and coupled system of time-space FPDEs given in (22) , (45), (57), (66), (73) and (77). Using the invariant subspace method, the scalar and coupled system of time-space FPDEs are reduced to the system of FODEs.
The obtained reduced system of FODEs can be solved by well-known analytical methods.
The obtained exact solutions can be expressed in terms of the polynomial and well-known Mittag-Leffler functions. These investigations show that the invariant subspace method is a very effective tool to derive exact solutions for the scalar and coupled system of nonlinear time-space FPDEs. his helpful comments and suggestions for significant improvement of the manuscript.
